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ABSTRACT. In this paper we study the space Q(m), of holomorphic m-(poly)differentials 
of a function field of a curve defined over an algebraically closed field of characteristic 
p > when G is cyclic or elementary abelian group of order p"; we give bases for 
each case when the base field is rational, introduce the Boseck invariants and give an 
elementary approach to the G module structure of Q(m) in terms of Boseck invariants. 
The last computation is achieved without any restriction on the base field in the cyclic 
case, while in the elementary abelian case it is assumed that the base field is rational. An 
application to the computation of the tangent space of the deformation functor of curves 
with automorphisms is given. 



1. Introduction 

Let F be an algebraic function field with field of constants K, where A is an algebraic 
closed field of characteristic p. Let F/E be a Galois extension with abelian Galois group 
G of order p™. We will denote by flp(m) the space of holomorphic m-(poly)differentials 
of F. We know that Hp := £lp(l) is a gp -dimensional A'-space, while the £lp(m), is a 
(2m — 1)(<7f — l)-dimensional A'-space, when gp > 2. The Galois module structure of 
the space of holomorphic 1-differentials has been determined explicitly in some cases. The 
cyclic group case was studied by Hurwitz [9 1 if the characteristic of A is zero. When F/E 
is unramified and G has a prime to p order, or is a cyclic group, Tamagawa [20] proved that 
is the direct sum of one identity representation of degree one and gp — 1 regular represen- 
tations. Valentini 11221 generalized this result for unramified extensions having p-groups as 
their Galois groups, while Salvador and Bautista lfT4l determined completely the semisim- 
ple part of holomorphic differentials when G is a p-group. If G is cyclic then Valentini and 
Madan (23], determine completely the whole structure of Clp in terms of indecomposable 
A"[G]-modules. The same is done when G is an elementary abelian, by Calderon, Salvador 
and Madan IfTTl . Also N. Borne J2] developed a theory, using advanced techniques from 
modular representation theory and A'-theory, and he is able to compute the A [G] -module 
structure for holomorphic m-differentials Q,p(m), when G is a cyclic group of order p™. In 
general the A [G] -module structure of flp, in positive characteristic is unknown. The diffi- 
culties that arise in positive characteristic, in contrast to the same problem in characteristic 
zero, are first all the difficulties of modular representation theory, in contrast to ordinary 
representation theory, and second the appearance of wild ramification in extensions Fj E. 

In this paper we will mainly focus on the m > 1 case and on the two "extreme" cases of 
abelian groups of order p n namely cyclic groups and elementary abelian groups. We first 
compute a basis for holomorphic differentials and then we define the quantities z/,7- (m) to 
be 

m5i + {evaluation of the kth E- basis element of F by a normalized valuation of F } 
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where Si, ej, i are related with the ramification of the extension, see Coni ecture [26l below 
and Remark[T6l the basis element is evaluated by a (normalized) valuation determined by 
a place of F above a ramified place of E and |_-J denotes the integer part. We introduce the 
Boseck invariants that are quantities of the form Tk(m) := J2i v ik{m), where the index 
i runs over all ramified places. These quantities were used by Boseck Q for constructing 
bases for 1 -holomorphic differentials and the conditions for holomorphicity are expressed 
in terms of them. In order to find Bosek's invariants for the function fields F/E that we 
study, we take the rational extensions F/K(x) and find X-bases for the corresponding 
fii?(m)'s for m > 1 (when m = 1 these bases often called Boseck bases). The choice of 
the rational function field is clear each time from the defining equations of our curves (Eq. 
©, d22i >, d23l)). It turns out that in the cases we study, the Boseck invariants determine the 
Galois module structure of the space of m -holomorphic differentials. The formula that 
gives this K[G] module structure in terms of the Boseck invariants remains the same in 
both the elementary abelian and the cyclic case. In addition in the cyclic case this formula 
is independent from r, with r measuring how high in the tower of intermediate fields is 
placed an unramified subextension E r /E. This is not true when in = 1 (see Remark[8]). 
The elements Tk (m) carry a lot of information, for instance the degree of the different of 
the extension each time, can be described totally by them (see Remarksr71 fT4l[T8] l. namely 

-A-^r fe (m) = degDiff(^). 
Im — 1 * — ' 

k 

Using Boseck invariants, we describe every K[G] -module structure of holomorphic m- 
(poly)differentials S7i?(m) for m > 1, when: G is cyclic (for m = 1 case this is l23l 
Theorem 2]), or elementary abelian of degree p n (for m = 1 case this is IfTTl Theorem 1 ]). 
Finally we show how the Boseck basis in the m = 1 case when F j E is tame, i.e, of degree 
n, with n being prime to p, will give another proof of the classical Hurwitz Theorem J5] p. 
439, formula 2]. 

Our approach, which is quite elementary, follows closely the ideas of Valentini- Madan, 
Calderon, Villa-Salvador and Madden |[T6ll . Madden, used the same analysis and con- 
structed a A'-basis of $7^(1), in order to compute the rank of the Hasse-Witt matrix. We 
should mention here that all the above authors had used Boseck invariants in their papers 
E2, El, ED- 

The organization of the paper is as follows: In first section we focus on the cyclic case 
and give the Galois module structure of f2j?(m) in Theorem|6j in subsection 12. II As our 
analysis is going deeper, the ideas of Boseck [3j are rising up. We follow him, in subsection 
12.21 in order to give a basis for m-holomorphic (poly)differentials of F, when E is rational. 
Subsection l2.3l is devoted to a proof of the classical result of Hurwitz mentioned above. In 
section [3] we consider the elementary abelian case. At first we give an analogous K basis 
for ilp(m). These bases can lead to the computation of m-Weierstrass points (see Remark 
[20b . Our proof of theorem|2T|in subsection l3.2l is based on the work of Calderon, Salvador 
and Madan IfTTl . 

In section|4]we state a conjecture concerning the Galois module structure of m- differ- 
entials when G is a general abelian extension of order p n . 

Finally, in section [5] we give an application to the computation of the tangent space of 
the local deformation functor in the sense of J.Bertin and A. Mezard (T). The results are 
given in terms of the Boseck invariants, and coincide with computations done previously 
by other authors ffl. fOl . IfTTl . lfT2l using completely different methods. This allows us 
to verify our complicated computations concerning the Galois module structure. Also 
proving the conjectures stated in section [4] will give a method in order to compute the 
above mentioned dimension in the case of abelian groups, a problem that is still open. 

An other application we have in mind and we would like to explore in a following 
article is the computation of higher order Weierstrass points and the study of the fields 
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generated by the coefficients of them, a problem that is similar to the classical study of 
fields generated by torsion points of the Jacobian, lfl8l . ETTl . 

In order to avoid trivial cases we will always assume that gp > 2, where gp is the 
genus of F. We use the symbol P to denote the set of places (sometimes referred just as 
"primes") of the field in question. 

2. The Cyclic Case 

Since the characteristic p divides the order of the group G, the representation of G on 
Of (to) is not necessary completely reducible, but it is the direct sum of indecomposable 
K [G] -modules. Let a be a generator for G. The unique indecomposable A'[G]-module of 
degree k is isomorphic to K [G]/ ((cr — l) fc ) ll24l p. 156, Ex. 1.1 ]. For k = 1 we obtain 
the identity representation and for k = p n the regular representation. 

Let 

t 

(D fi F (m):=0W A , 

A=l 

be a decomposition into a direct sum of indecomposable K [G] -modules and let dk be the 
number of W\ 's that are isomorphic to K [G] / ({cr — We will compute the dfe's. First 
we define 

Q F (m) = {ljE Q F (m) : (a - l)*w = 0}, fori = 0, 1, . . .p n . 

These A'-subspaces form an increasing sequence with Q F (m) = Oandf^, (m) = VLp(m), 
while 

t 

(2) dim K n F ( m ) = J2 dim k{W\ PI Q F (m)). 

\=i 

Lemma 1. We have dim K K[G)/((a - l) fe ) = k. 

Proof. Consider the map (er - l) fe : K[G] — > K[G\. Observe that dim^ ker(cr - l) fc = 
k therefore dimx im(a — l) k = p n — k and the quotient dim kK[G]/ ((a — l) k ) = 
dim K K[G}/ (im(a - l) k ) has dimension p n - (p n - k) = k. 

□ 

Lemma 2. 

dim*: {a e K[G]/ ((a - l) k ) : (a - If a = 0} = 

Proof. Indeed, we would like to compute the kernel of the multiplication with (a — 1)\ 

(a If : K[G]/ ((a - l) fc ) K[G]/ ((a - l) k ) . 
We distinguish the following two cases: 

(1) If i < k then kcr(cr - l) 1 = (cr - if- 1 K[G]/ ({a - l) k ) and dim K (a - 
l) k -' l K[G]/ ((cr - l) k ) = p n - (k -i)- (p n -k)= i. 

(2) If i > k then ker(<r - 1)* = K[G]/ {{a - l) k ) and dim A - K[G}/ ((cr - l) k ) = k 
according to LemmaQ] 

□ 

Using the decomposition of £lp(m) given in Eq. (fJI and Lemma |2] we obtain 

dimK ttp(m) = Yj\~=i + Y%=i id k- So 



i, ifi < k, 
k, ifi ^ k. 



p 

(3) dim A -(^ +1 (m)/^ F (m)) = ^ d k . 

k=i+l 
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Therefore, for k = 1, . . . ,p n — 1 we have: 

(4) dp* = dim* (flf {m)/n p p- l {m)), 

d k = dim K (n%(r7i)/n k F ~\m)) -dim K (n k F +1 (m)/n k F (m)) . 

Following l23l we write down a convenient E'-basis for F and we find the G-action on the 
basis elements and state the main Theorem. 

Since F/E is cyclic of degree p n , there is a tower of intermediate fields 

(5) E = E c E x c E 2 C • • • C E n = F, 
where each of the Ej/Ej^i is an Artin-Schreier extension given by 

(6) Ej = Ej.^yj), y? - Vj = b jt b, e Ej-i, 1 < j < n. 

The elements bj are called to be in standard form, for a place P of Ej-i, if the valuation 
of the divisor of bj at P is positive, zero or relatively prime to the characteristic p. 

The first part of the following Theorem is due to Madden, and allows us to take bj's in 
standard form lfl6l Theorem 2, p. 308], while the other part is due to R. Valentini and M. 
Madan ll23l Lemma 1, p. 109] and allows us to select a convenient i?-basis of F. 

Theorem 3. The elements yj and bj can be selected so that: 

(1) For any place P of Ej-\ divisible by a ramified place in F/E the valuation of P 
of the divisor ofbj is either zero or negative and relatively prime to p. 

(2) aP i ' 1 (y j )=y j + l. 

For < k < p n — 1 consider its p-adic expansion k :— a x + a^p + • • ■ + a« p n_1 and 

a m Q (fe) a (k) 

denote by w k = Vi 1 y 2 2 ' ' • Un" ■ Then F is an E vector space with basis {wk '■ < 
k < p n — 1}. The G-action on the Wk 's is given by 

n 

(a-l) k w k = JJoW! 

£ = 1 

This basis, has the following property 

Lemma 4. Let P be a place ofE and let P\, P 2 , ■ ■ ■ , P r be the places of F, above P. Let Vi 
the normalized valuation of F, determined by Pi, i = 1, . . . ,r. Let also bj be in standard 
form for any place of Ej-i below some Pi. If z = X^aUo 1 c k w k, then min.;«.;(z) = 
min life Vi(c k Wk). 

Proof 123] Lemma 2, p.109] or 021 Lemma 3, p.310] . □ 

2.1. Galois Module Structure of JlF(m). Let Pi, i = 1, . . . , s be the places of E which 
ramify in F and set p ei := e(Pp/Pi), i = 1, . . . , s for the corresponding ramification in- 
dices, with Pp a fixed place of F above Pi. We will denote by T>i the normalized valuation 
of E determined by Pi. Set r = n — maxi{ei}. We observe that E r /E is an unramified 
extension: if not then from the transitivity of the ramification indices we will have 

e(P F /F) = e{P F /P Er ) ■ e{P Er /Pi) p e - = [F : E r ] ■ p h p e * = p n ~ r ■ p h , 
it- n r=n— maxa{e»} f 

where h is a nonzero natural number. So e; = n — r + h e; = maxi{ei} + h 

which contradicts the maximality of e^. 

Fix an i. Let = n — e;. Let also P(i,j,p) be the places of Ej which divide 
Pi and v(i,j,p,z) be the normalized valuation of Ej determined by P(i,j,p), applied 
to an element z 6 Ej. Each of the Ej/Ej-i is normal and separable, so every one 
of the P(i,j,pYs will have the same exponent d(P(i,n, p)j Pi) := Si in the differ- 
ent of F/E, Diff (F/E). We can recover this different from the DiE(Ej / for all 
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j = 1, . . . , n using the transitivity property of the different (see Stichtenoth, |fl9l p. 88, 
Corollary m.4. 11. (a)]) 

Diff = Con E . /E ._^T)ffi (E^/E)) + T)iS(E j /E j _ 1 ). 

Also, every automorphism of F will act transitively on every place over Pi, so the set 
DiE(Ej / Ej-i) is stable under a, and the exponent of P(i,j,p) in Diff (Ej/Ej^i) is 
independent of p. The following Lemma gives us the relation among Si and bj. 

Lemma 5. Let j) = —v(i, j — 1, p, bj). The different Diff (F/E) is given by 

s 

Diff(i7£)=^<^P(i,n,/i), 

l — l fl 

where 

n 

j — TL — C-i -\- 1 

which equals to 

n 

S i = ( P -i)J2Hhj)p n ~ j + (j> ei -!)• 

77ie valuations of the basis elements w k are given by 

n 

v(i,n,p,w k ) = -^2af ] <S>{i,j)p n - j . 
j=i 

Proof. This comes from Proposition 2 of Madden [[Toll , after replacing j, by ^ + n — ei and 
noticing that the different exponent does not depend on the choice of the base field (rational 
or not). However, we can prove it directly; fix an i and apply the transitivity property of 
the different exponent d(P(i, n, p) /Pi), which equals to: 

e(P(i,n,n)/P(i,n- 1, p)) d (P(i,n - l,fi)/Pi) + d(P(i,n, p)/P(i,n - l,p)), 

n — n = e.i times to get <5.;. Observe finally that v(i,j — l,p,bj) ~ 0, for all 1 < 
j < n — ei. The last equality comes from the E'-basis of Theorem [3] and the fact that: 
—$(i,j) = v(i,j — l,fi,bj) = v(i, j, n,yj). Now, using the transitivity of the valuations, 
one can easily get that v(i, n, p, yj) = — f)p n ~^ ■ 

□ 



We are now ready to define the key-quantities for our Theorem. For k = 0, 1, . . . , p n — 1 , 
we define 

(7) v lk {m) 

p Cz 

and Tk(m) := v ik{m)- In subsection l2.2l we interpret these Tk(m) 's as the Boseck 

invariants. 

Theorem 6. Let G be a cyclic group of automorphisms of F, with \G\ = p n . Set E = F 
and let g E be the genus of E. Let m be a natural number with m > 1. The regular repre- 
sentation of G occurs d p n = T p n_i(m) + (g E — l)(2m — 1) tunes in the representation 
of G on n E (m). For k = 1, . . . ,p n — 1, the indecomposable representation of degree k 
occurs dk = Tk-i(m) — Tk(rn) times. 



Proof. As we saw, we have to compute dim^- (Q F +1 (m)/Q F (m)), for k = 1, . . . ,p n — 1. 
Choose an x G E, such that dx ^ 0. Every holomorphic (poly)differential io of F can be 
written in a unique way as u> = X^=o c v w v {dx)® m , c u e E. 



6 



SOTIRIS KARANIKOLOPOULOS 



We claim that 

(cr - l) k u> = =>• c fc = c fe+ i = • • • = c p n_! = 0. 

Proof of the claim. (cr - l) fe w = (a - l) k ECo* c i ,w i ,(cte) l8>m . But (cr - l) fc acts only 
on w v while leaving invariant the c v {dx)® m . The G-action is given by (cr — l) fe w„ = 0, 
for all k > v. Indeed (cr - l) fe+1 w fe = {a - l)(cr - 1)*^ = (cr - 1) J]" =1 af 1 ! and 
cte ! G ii, for all e = 1, . . . , n, so the product is fixed by the generator a. From that we 
have 

P n -i 

(a - l) k uj = {a- l) k c„w u (dx)® m 

P™-1 

n p" — 1 

= c k (dx)® m l[ai k '>\+ c v (a-l) k w v (dx)® m . 

e=l u>k+l 

If the last equality is equal to zero, then we can see that 

n p" — 1 

(a-l) k+1 io = (<j-l)c k (dx)® m l[4 k '>\+ c v {a-l) k+1 w„{dx)® m 

e=l v>k+l 

= ^ cv(<7 - l) k+1 w v {dx)® m = 0. 
jy>fc+l 

We apply the above argument recursively and we finally get 

c pre _i = 0. 

Now we write 

w= c v {a-l) k w v {dx)® m , 

and we repeat the whole procedure to get c k = c k +i = • • • = c p >i_2 = and prove the 
claim. 

We now have an alternative expression for the quotients of £l F (m). Namely 
dim K (n k F +1 (m)/tt k F (m)) = 



(8) 



diniR- IckEE: there is an uj € H,F{m), with uj = c v w v {dx)® m > 
I u=0 J 



If uj = Y!* v=0 c v w v {dx)® m , then (a- l) k uj = n"=i ] \c k {dx)® m 6 f2 F (m), and from 
that we see that 

thus Ck{dx)® m is a G-invariant ?7i-holomorphic differential on F. This means that 

divj, (c k (dx)® m ) = Con F/E (div E (c k (dxf m )) +mSm(F/E) 

is an integral divisor. As the left side of the above equality has no poles, the same will 
be true for the right side, so the only poles that we allow for Ck(dx)® m , are the ones 
that can be canceled out from the factor mDiff (F/E). Hence Ck(dx)® m can have poles 
only at ramified primes of E. As div(w) is an effective divisor, Lemma [4] requires that 

v(i, n, /i, Ck{dx)® m Wk) > 0, for all i, fi. So 
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(9) v(i, n, fi,, w k ) + v(i, n, ii, c k (dx)® m ) > 0. 

We also have 

v(i, n, fj,, c k (dx)® m ) = v(i, n, fx, Con F/E div E (c k (dx)® m )) + v(i, n, fj,, mDffi(F/E)) 

(10) = p^v^Ckidxf^+mS,. 

Combining Eq. (O and ( fTOb . we obtain p ei Vi(c k (dx)® m ) + m5i + v(i, n, fx, w k ) > 0, or 

Vi{c k {dx)® m ) > -v ik (m). 

The divisor of E 

s 

(11) D = J2m(m)P i + dw E (c k ) + div E ((dxf m ) > 0, 

i=l 

is effective, which is equivalent to c k 6 L (J2i=i v ik(m)Pi + div E ((dx)®" 1 )) . Notice 
that the divisors D and ^* =1 Vi k (m)Pi + div E ((dx)® m ) are linear equivalent. Thus they 
have the same degrees and 1(D) = I v ik(m)Pi + div E ((dx)® m )). With that in 

mind, we will use the Riemann-Roch Theorem on the function field E in order to compute 

£(D) := dim K L ^ v ik (m)Pi + div £ ((dx)® m )^j . 

We have £(mW) = deg(mW) + 1 — g E + £(W \ mW), where W is a canonical divisor of 

E. It is well known that deg W = 2g E - 2, £(W) = g E and if deg(A) < then 1(A) = 0, 

for every divisor A of E. 

We have the following cases: 

Case 1: g E > 2. 

Hence 

dim VL E (m) = £(mW) = m(2g E - 2) + 1 - g E + 
and £(mW) = (2m - l)(g E - 1). Finally 

I (j2^ k (m)P l+ diy E ((dx)® m )^j = deg ^i/ tt (ro)P< + div E ((dx)® m )j +l-g E +0, 
or equivalently 

t(D)=T k (m) + (g E -l)(2m-l). 

Case 2: g E = 1. 

deg(W) = and i(mW) = 1, thus 

*(£>)= r fc (m), 

because 

1(D) = T k (m) + m(2g E -2) + l-g E + £(W - mW - T k (m)), 
with the last term of the sum being zero because 

deg(W -mW - T k (m)) = (1 - m)(2g E - 2) - T k (m) = -T k (m) < 0. 
Case 3: g E = 0. 

In that case deg(W) = —2 < 0, thus £(mW) = 0, for all m > 1. Finally 

(12) Q<£(D) = T k (m)-2m + l, 
because 

deg(D) = T k (m) - 2m > 0, from Eq. CD}- 
On the other hand as c k e L (J2l =1 v ik(m)Pi + div E ((dx)® m )), from Eq. © we get, 
for all cases, that 

(13) dim K (fl k F +1 (m)/fl k F (m)) < 1(D) = T k (m) + (g E - l)(2m - 1). 
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We want to show that inequality dT3l l is actually an equality, so using Eq. (O, we are 
going to calculate the dk's. 
We compute: 

P n -i 

(2m - l){g F - 1) = dim K Q F (m) = 53 dim K {^ k F +1 (m)/n F (m)) 

fe=0 

p n — l p n —l 

< ^ r fc (m)+ 5307 B -l)(2m-l) 

fe=0 fc=0 

(14) = ^ r fe (m)+p n (2m-l)( 5£ -l). 

fe=0 

If we show that dim^- £l F (m) is equal to Eq. ( fT4t . then we have the desired equality. This 
is done using Riemann-Hurwitz Theorem: 



25F - 2 = j—±(2g E - 2) + dcg Diff(F /E), 

where Diff (F/E) — Ei=i J2p(i n n)/Pi ^ ' ^ > (*' n ' Since ^ I s algebraically closed, 
thendegP(i,n,M) = / (P(i, n, m)'/P)* = [^P {i , n ,^/P(i,n, n) : ^/P*] = 1, for all 
i. Moreover, since the F/E is Galois the number of places of F above Pi is fi, where 
[F : E] = e [P(i, n, /i) /Pi) ■ f (P(i, n, fi) /P,J ■ \i, so \i = p n ~ ei . We can now calculate 

(15) (2m - l)(g F - 1) = p"( 5B - l)(2m - 1) + ±(2m - 1) 5>"" e ^. 

From Eq. ([Pil l and (15[ , it is enough to show that 



(16) 53 i/ ifc (m) = -(2m - l)p n - ei 8 u for all i. 

Remark 7. Observe from Eq. ( 1761 ) f/iaf ;f w enough to show that 

2 p " _1 

— T 53 r fc (m) = dcg Diff (F/E). 

We compute: 

p n -i 

53 ^fc( TO ) 



fc=0 



E 



p 

p n — l n 



p n -i 



fe=0 3=1 



- E 



^i-Ey=ior*^j>' 



fc=0 
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First we take care of the second summation. Fix a j. As k runs over 0, . . . ,p n — 1, the 

(k) _i 

elements take all the values from zero to p — 1, p" times. Considering this we have 



y k=0 j=l j=l k=0 

-, n p-1 

= ^E^V'-v^E* 



r 3=1 fc=0 
1 1 " 

-^-y p -i)_^$(i,j>»^ 



3=1 



(17) = ^.(fc + l-p*), 

where the last equality came from Lemma|5] 

Then we consider the fractional part. Observe that = 0, for all j < n — d and 

j) is relatively prime to p, from the standard form hypothesis. We notice that as af ^ 

's runs over 0, . . . ,p — 1 for j > n — ej + 1, the numbers 5Z"_„_ e +1 a)jP n ~ J , form a 
complete system mod p ei . In the case where r = 0, then the same numbers, for j > 1, 
form a complete system mod p n . It is well known from elementary number theory that 
the same is true for Y^j=n-e t +i a j ®(hj)P n ~^' usm g the fact that g.c.d($(i, j),p) = 1. 
Thus as fc runs over 0, . . . ,p n — 1, the numbers m<5,; — X)j=i a j ^(hj)p n ^^ mn over 
a complete residue system mod p ei (in fact z ± 5Zj=i a j ^(hj)p n ~'' mn through a 
complete residue system for all z S Z), p n_ei times. We are ready to calculate 

pn_1 1 »i5i - ELi of ] Hi,j)p n - j ^ 



^ fc=0 



fe=0 \ ^ I 1 k=0 



p"' 2 

(18) = i(p"-p«- e *). 

The final step is to combine the Equations (fTTI i. (fT8l and the first summand, in order to 
obtain 

£ "ik (m) = p"- e ' ro* - ^- {Si + l- P e ')-^ (p n - p"- 6 ' ) 



fc=0 



2p n - e 'm5 l - p n - e '5i - p n ~ e ' + p™ - p" + p" 



(19) = i(p"- e ^ i (2m-l)), 

We showed that inequality ( fT4b is actually an equality. Using Eq. @, to compute the dfc's, 
Theorem follows. □ 

Remark 8 (The case m = 1, r = 0). > 2 f/ien £(£>) = r fc (l) + (g E - 1), /or all 

< fc < p n -land£(D) = (g E -l) + l for k = p n -I. Ifg E = 1, then£{D) = T k (l),for 
< /fc < p" - 2, while £{D) = I for k = p n - 1. Finally ifg E = then £{D) = T k (l) - 1, 



10 



SOTIRIS KARANIKOLOPOULOS 



for < k < p n — 2, while £(D) = for k = p n — 1. The extra cases that we do not 
consider in Eq. ( 1751 ) are 

for g E > 2, d pn = dim* (n£ (lyo*"- 1 ^)) < *(Z>) = g E , 
forg E = 1, d p „ = dim* (n£(l)/fi£ < 1(D) = 1, 

/or.g B = 0, d p n = dim* (fi^iya*"- 1 ^)) < £(D) = 0. 

Observe that for the exceptional cases- the inequalities above-, we have that 

P "-i 

g F = dim*ft F (l) = ^ dim* (n£ +1 (m)/n£(m)) 

p n -l 

< J2r k (i) + { P n (g E -i) + i). 

Thus, in order to prove that these inequalities are equalities, with the help of Eq. ( 1751 ) we 
just have to show Eq. U6t for m = 1. 

This is a way to arrive at 11231 Theorem 2], when a place in ¥ E is totally ramified in F, 
or equivalently when there is not an unramified subextension of F / E (i.e. r = 0), in order 
to prove an analogous result for the m = 1 case: 

Theorem 9 (Valentini-Madan). For m = 1 and when exists a place in ¥ E that is totally 
ramified in F, the regular representation of G occurs d p n = g E times in the representation 
of G on For k = 1, . . . ,p n — 1, the indecomposable representation of degree k 

occurs dk = rfc_i(l) — r^(l) + (3 times, where (3 equals to — 1, if k = p n — 1 and equals 
to zero otherwise. 

As Valentini and Madan observed for the case m = 1, Tfe(l) = 0, if Vik(l) — for 
all i's, and that could happen if and only if k > p n — p r . However when m > 2 then 
Tk(m) ^ 0. Thus for the m = 1 case one needs to distinguish cases on whether Boseck's 
invariants are zero or not, in order to derive a result for the K[G] module structure of 
n E (1) which will be depended on r. If we assume that r ^ in the case m = 1 then one 
should use Tamagawa or Valentini results, 11201 B22L in order to treat the unramified E r /E 
extension (see l23l proof of Theorem 2 , case k > p n — p r ]) . 

This is the major difference between the exposition found there and the one followed 
here, which also shows that for m > 1 Boseck invariants, and hence the conditions 
for holomorphicity that they compactly express, as well as the K[G] module structure 
of Q,p (to), do not depend on r and thus on the existence of an unramified subextension, 
E r /E, that appears when no place is totally ramified in F/E. 

2.2. A New Basis for Holomorphic Differentials. We now proceed to a basis construc- 
tion for the holomorphic TO-(poly)differentials Q E (m) when E is rational. Without loss 
of generality, we will assume that E = K(x) and F/K{x) will be a cyclic extension of 
degree p n . The main result of this subsection, looks like Lemma 5 of Madden lfl6l . The 
main difference is that there, he assumed that the infinite prime ofE ramifies and takes two 
cases; case one stands for the P(i, n, /i)'s that are lying over the "finite" primes of E while 
case two, for P(i, n, fx)'s that are lying over the "infinite" prime of E, p^. 
Here we assume that the infinite prime of E does not ramify and give a single basis for the 
holomorphic differentials first (to = 1), and then for holomorphic 7«-(poly differentials, 
(to > 1). 

The quantities that we defined at Eq. © play a major role for us. They are the quantities 
that Valentini and Madan defined at Il23l p. 110] and the quantities that followed from the 
restrictions on v, at Lemma 5 of Madden, lfl6l . These are in fact, the same quantities that 
Boseck constructed in his work Q in the late fifties, which led him to a similar basis for 
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rijr (1), when F/K(x) was an Artin-Schreier or a Kummer (of degree q, with g.c.d(p, q) = 
1) extension, of an algebraic function field. Let us have a closer analysis. 

divj,((dx)® m ) = mmS(F/K(x)) - 2m(x) 00 , 
or using Lemma|5] we have 

s n 

i=i j=i 

= m^p"~ ei <5.; • P(i,n,(j,) - 2mCon F/K{x} (p 00 ). 

i=l 

Using Lemma[5]and observing that v(i, n, /J,, Wk) = v(i, n, fi', Wk), we can write: 

s n 

div F K) = p Wk - Y,p n ~ ei Y, a t ) ^^p n ~ j ■ p M>^)> 

i=l j=l 

where P Wk is an effective divisor of F, prime to P(i, n, fi), for all i's. Then 



div F (w k (dx)® m ) = P Wk +Y<P n ~ e ' mS * -Z)^*^ j)P n ~ j ■P{i,n,ii)-2mCon F/K{x) {p 00 ). 

i=l \ j=l ) 

We analyze p n ~ ei (mSi — Y^j=i Qj mod p n : 

n 

p"- e - (mSi - J2 aP$(i,j)p n - s ) = i/«(m) ■ p n + pf' m) , with < pf ' m) < p n - 1. 

Notice that we are consistent with the definition of z/y. (m) 's given in Eq. (01. We denote the 
ramified places of E, Pj, i = 1, . . . , s with Pi(x), (since E is rational then every ramified 
place of E, Pi, corresponds to an irreducible polynomial, Pi(x) ) and let 

s 

g k (x)=i[Pi(xr^ m i 

i=l 

Then the quantity Tk(m) of Eq. (O is naturally defined as the degree of gk{x). This is the 

Boseck invariant for this case. We then have 

(20) 

S 

div F (w k [gk(x))-\dx)® m ) =Y / P^ m) - p (hn, f i)+(T k (m)-2m)Con F/K{x) ( Poo )+P Wk . 

i=l 

Observe that if 

(21) T k {m) > 2m, 

then, the divisor of Eq. ( 120b is effective, so for k = . . . ,p n — 1, Tk(m) > 2m and for 
< v < Tk(m) — 2m, the x v w k [<?fc(a;)] _1 (dx)® m is a holomorphic m-(poly)differential 
of F. 

a (k) a (k) a(fc) 

Recall that the set w k — y 2 2 • • • Vn n , < k < p n — 1 is an _E-basis of F. The 
main result of this subsection is: 

Lemma 10. The set (x" 'iu fc [fffc(a;)] _1 (dx)® m : < k < p n - 1 + /? m , < u < T k (m) - 
2m, m > 1), is a K-basis for the space of the m-(poly)differentials fl F {m), with j3\ = — 1, 
if m = 1 one/ /3 m = z/m > 2. 
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Proof. First remember that 

Vik{m) 



We now observe that: 

Since the base field is rational, r = 0, because every finite separable extension of the 

(k) 

rational function field should be ramified. Thus, for m = 1, the condition a - = p — 1, 
for all j — 1, ... n, is equivalent to k = p n — 1 and T p n _i(l) = 0, while 
for m > 1, we always have that Tk(m) ^ for every k. 
It is enough to prove the equalities below: 

(i) For to — 1, we must prove that X)fc=o 2 (^ fe (^) — -0 = dim^ Of(1) = <?f, 

(ii) For to > 2, we must see that *YJk=§ ^kijn) — 2to + l) = dimjf Qp(m) = 
(2m— 1)(<?f — 1)- Thisnumberis well defined since > 2 from our hypothesis. 

For case (i), we see from Eq. ( fT~9b for m = 1 that this number has been computed : 

P n -i 



^ M'») = 5(p b "U). 



So 

-2 



E ( r ^!) - !) = \ E (p*""*) -f" + 1 - 5F- 



2 

fc=0 i=l 



Where the last equality comes from Riemann-Hurwitz Theorem, a version of that can be 
found in Eq. ( fT3T l. For to > 2 Eq. ( fT9] l, gives that 



P n -l 



E v ik (m) = - (p n -^6i(2m - 1)) , thus 

fc=0 

E (r fe (TO)-2TO + l) ^(I p »-^( 2m -l)) - p »(2to-1) 

i=l 

(2m -1) ^Ef"" ei ^-^) 



fc=0 

P "-i 



^2 

fc=0 i=l 



= (5f - l)(2m- 1). 



□ 



The following Remarks are here to confirm the correctness of our arguments, given in 
the proof of the Theorem|6] in subsection l2.ll 

Remark 11. Observe that the restriction for Tk(m), given in Eq. ( 1721 ). when the genus of 
E was zero, is the same restriction that results from our basis in order to ensure that an 
m-(poly)differential is holomorphic (see Eq. A21 1 )). 

Remark 12. A second, simpler proof for Theorem\6\can be given when qe = 0, using 
the basis of Lemma \W\ Indeed having Eq. JS} instead of using Riemann-Roch Theorem 
to count the Ck 's, we use our basis. From Eq. (O the needed differentials are of the form 
10 = x k \gk(x)\~ 1 Wk(dx)® m with Ck '■= x \gkixj\~ 1 and there are Tk(m) — 2m + 1 of 
them, for every k = 1, . . . ,p n — 1. So for k = 1, . . . ,p n — 1, with the help ofEq. (@, we 
get that dk = Tk-i(m) — 2m + 1 — (Tk(m) — 2m + 1) = Tk-i(m) — Tk(m), while for 
k = p n we have that d p n = T p n_i(m) — 2m + 1. 
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2.3. A classical theorem of Hurwitz. We will study now how Boseck invariants behave 
when F/E is a cyclic tame ramified extension of function fields. Let Fj E is be a cyclic 
Kummer extension of degree n, with g.c.d(n, p) = 1. Choose a primitive nth root of unity, 
C of K. Let F = E{y) and 

(22) y n = u,u£E. 

Let Pi 6 Fp, with 1 < i < r , be the ramified places of E in F and Pi £ Fp the 
places above Pi. We can assume that if a is a generator of G then er(y) = and also 
that <| Up (it) <2 n. Using Kummer theory Ifl9l p.l 10, Proposition III. 7. 3] we have that 

e t = e(Pi/Pi) = g . c . d . ( »" Pi(M)) and Si = e* - 1. Finally, set = u Pi (y) = e, "^ (M) . 

If we define f2 F (l) = {w e |cr(w) = C fe w}, for < fc < n - 1, then 

n-1 

Mi) = ©4(i). 

fe=0 

and the corresponding dk's for this case are dk = dinijt Cl F (l). It is also well known (see 
at @ p.272, V.2.2, Corollary]) that d = dim K ftp (I) = gp- Notice that this is false in 
positive characteristic in the case of wild ramification. 

In order to find the K[G] module structure of Qp(l), we should compute once more 
the dfc's. For that reason we should find the Boseck invariant for this case, i.e. consider the 
corresponding rational extension. If E = K(x), then Boseck J3] p. 50, Satz 16], proved 
that (for m = 1) : 

Proposition 13 (Boseck). The set (x u y- k g k (x)dx : ^ k < n - 1,0 < v < T k (l) - 2) 
is a K-basis for the space ofQp(l), where g k (x) = Yl' i= i Pi ( x ) ei ar, d 

i—i ^ * 

Remark 14. One crucial step in the proof of Proposition U 3\ is to show that 

n-1 

2^T fc (l) =degDiff(F/£). 

fc=i 

We have k distinct irreducible representations of degree 1. If gp = and fc 7^ 0, we may 
count the differentials in Proposition [T3l in order to find the ci^'s. We see that lu 6 ^p(l) 
if to = x v y n ~ k g n -k{x)dx- Their number equals to 



r n _ fc (i)-i = 




So the fcth representation occurs d n -k = r n _fc(l) — 1 times in the representation of G in 
Vtp(\). When fc = we know that occurs do = gE = times. 

Notice that, in general, the Tk (m)'s depend on the different exponent and the evaluation 
of basis elements, thus the genus of the base field E, gp does not affect them. We can claim 
now that the same result will be true when gp > 0. Indeed this is the Hurwitz theorem 
(compare also to 11231 Theorem 2]): 

Theorem 15 (Hurwitz). For k = 0, . . . , n — 1, we have n distinct irreducible representa- 
tions of degree 1. The kth representation occurs d n —k '■= r„_fc(l) — 1 + gp times in the 
representation of G in VLp{\), when fc 7^ and gp times when fc = 0. 
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3. The Elementary Abelian Case 



Let K be an algebraically closed field of characteristic p and consider an elementary 
abelian Galois extension F/K{x) of the rational function field E = K{x). Set G = 
Gal(F/K(x)) and assume that \G\ = p n . We also assume that every place of K(x) that is 
ramified in the above extension is totally ramified, i.e, F = K(x, y), where y satisfies the 
equation: 

(23) V q - V = ^ 

where q = p n , n > 1, g(x) G K[x], and degg(x) < Y^=i ^(*) = M, g{a,i) 7^ 0. Thus, 
Poo, the infinite place of K(x), is assumed to be unramified in F. Finally all the $(i)'s 
are relatively prime to p for all i = 1 . . . , r. Let pi G Pa'(x) > i = 1, • • • , r, be the rational 
places of K(x) that are totally ramified in F, corresponding to (x — cij), a, G K. 

First we fix some notation, similar to the notation given in subsection !2.2l 
It is well known (see for example Stichtenoth, |fl9l Prop. III.7. 10]) that C<mpi K / x ) (pi) = 
p n P,, for P, G P F above Pi and DiS(F/K(x)) = £[ =1 (p n - 1)($(«) + l)Pi, for all 
i = 1, . . . , r. We also know that for any /3 G F g the element ap G G acts on the generator 
of the extension y as: crp{y) = y + (3. For an m-(poly differential of F, (dx)® m we will 
also have 



divp((dx) 



0111 \ 



(24) 



mDiff(F/A:(x)) - 2m(x) 00 

r 

m^2iP n ~ !)(*(*) + - 2mCon F/K(;c) (p 00 ), 



where (x)oo is the pole divisor of x. Taking degrees to the above divisors (or alternatively 
using the Riemann-Hurwitz formula), we have 



(25) 

Set divp(y) 
i = 1 



9F 



1 



i=l 



($(») + 1) 



y — J2l=i ^(i)Pu f° r an effective divisor P y of F, prime to Pi, for 
1 we compute div p(y k (dx)® m ), which equals to 



. , r. Then for k = 0, . . . ,p 

div F (y k )+div F ((dx)® m 

r 

kPy-kJ2®(t)Pi 



i=l 



(p n - l)($(i) + l)P t - 2mCon F/K{x) ( Poo ) 



( ((p" - 1)™ - k)®(i) + m(p n - 1) jPi + fc-Py - 2mCon 



(26) 

Then we consider ((p n — l)m — fc)$(i) + m(p n — 1) modulo p 1 
({p n - l)m - *)$(*) + m(p" - 1) = i/ ifc (m) • p n 
where < p| fe,m - ) <p n — 1, is the remainder of the division, so 

m(p»-l)(*(i) + l)-fc*(i) 

(27) ^ifc(m) = 



l F/K(a 



)(Poo)- 



(fc,m) 



We also take 
(28) 



9k(x) ■= Y[(x - a») 



and let (m) = J^fc (m) , be the Boseck invariant for this case. 

Observe fromEq. (l2Tb that for to = 1, if Tfc(l) = 0, then fjfc(l) = for all i = 1, . . . , r 
and that could happen only when k = p n — 1 since Vik{l) > 0. 
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For m > 1, this is not the case because Vik(m) > 0, for all fc's. We finally observe that 
div p[gk(x)] y k (dx)® m is an effective divisor if 

r 

(29) r fc (m) = ^2 v ik{m) > 2m, 

i=l 

because 

r r 

div F {y k [ 9k {x)]-\dx)® m ) =Y J pf' m) Pi + kPy+{Y, v ^ -2m)Con F/if(x) ( Poo ). 

i=l i=l 

So when inequality ( l29l is fulfilled, then x iy ?/' £ [(7fc(x)] _1 ((ia;) 8 " m is a holomorphic m- 
(poly)differential, for < k < p n — 1,0 < v < Tk{fn) — 2m and m > 1. 

Remark 16. We £e/:>f f/te notation of this section as close is possible, to the notation used 
in Section 2. Generally the quantities Vik(m), for a p-extension with p\charK, are equal 
to 

m8i + {evaluation of the kth E basis element ofF by a normalized valuation ofF } 

where i runs the ramified places of E, 5i is the different exponent of the extension and a 
the ramification indices of the ramified primes of E in F. The basis element is evaluated 
by a ( normalized) valuation determined by a place of F above a ramified place of E. Here 
we have total ramification, so ej = n. In the case where F / E was a cyclic extension, 
the term in the brackets is nothing else than v(i,n, fX,Wk) = — a j j)p n ~'' 

given in Lemma\5\ Here if we take the standard E basis for F, namely, {w k '■= y \ < 
k < p n — 1, }e , we will then have that vp i (w k ) = kvp t (y). Letting the right hand of 
Eq. ( 1231 ) be equal to an u £ E, then from the strict triangle inequality 0191 p.5, Lemma 
1. 1.10] we have that v Pi {u) = min{v Pi {y <1 ),v Pi (y)} = qv Pi (y) = Vp i (y). Letting now 
-— = v Pi (u) the Remark follows. Finally observe that j) = <£>(i) because we 
haven't got a cyclic extension, thus we cannot get an analogous field tower like we had in 
Eq. Q. That, explains the independence from j. 

3.1. Basis Construction. Following Boseck (see 0, Satz 15), we now prove the analogue 
of Lemma [TOl 

Proposition 17. The set E m := (x v y k [g k (x)]- 1 (dx)^ m : < k < p n - 1 + f3 m , < 
v < T k (m) — 2m, m > 1} is a K-basis for the space of the m-(poly)differentials D,p(m), 
with Pi = — 1, if m = 1 and j3 m = if m > 2. 



Proof. For m = 1, we have nothing to prove since this is Theorem 2 of Garcia (8J. For 
m > 1 it is enough to show that Yl k =o (^ki 171 ) — ^m + 1) = dirnjf Clp(m). 
First, we will compute ^sUo* v ik{ m )- This is equal to 

C^ 1 m(p n - l)($(i) + 1) - fc$(i) C^ 1 /m(p n - l)($(i) + 1) - ft$(i) 

k=0 F k=0 

C^ 1 m(p" - l)($(i) + l) _ C^ 1 k$(i) _ C^ 1 / m(p"-l)($(i) + l)-fc$(z) 

/ J jfl / -J yjU / s \ jjTl 

k=0 F k=0 F i=l ^ F 

= my - mm + 1) - mip ; - 1} - e ( m(p " = + 1} " hm ) 

k=0 \ P I 
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As k runs a complete residue system mod p n and g.c.d.($(z),p) = 1, the same is true 
for m(p n - l)($(i) + 1) - fc$(i), so 



E v *(m) = ^-i)«i) + i)-«^-^E^ 

$(i)(p n - 1) p" - 1 



2 o ! 

k=0 1 fe=0 



m(p n - l)($(i) + 1) - 
m(p" -!)($(*) + l)-^^($(i) + l) 



(30) = (2m -!)($(*) + l)- lP 



2 

Remark 18. Observe, for one more time that from Eq. ( 1301 ) we /zave f/ia? 

2 

— y £ r fc (m) = degDiff(F/ J B). 
Using Eq. ( f30b and d25b . we will then have that 

p n - 1 p n — 1 7' 

E r fe (m) = E^^H 

(31) = (2m-l)(g F +p n - 1). 

Finally from Eq. OTI ) we see that 

p n —i p n —i 
£ ( r fe( TO ) - 2m + 1) = ^ r fc (m) - 2mp" + p" 

= (2m-l)(9F+P n -l)-p n (2m-l) 
= (2m-l)(«7F-l). 

□ 

Remark 19. If F/K(x) is an extension of degree p ( i.e. an Artin Schreier) then Boseck, 
O proved that the set Si is indeed a basis for fip(l). Wi'f/i exactly the same arguments 
used here, one can show that the set defined in Proposition \T7\ is still a basis ofVtp (m) 
when F/K(x) is a cyclic Artin Schreier extension of degree p. 

Remark 20. A basis for the holomorphic m-(poly)differentials is closely connected with 
the computation of the m-Weierstrass points of F. The case where m = 1, see Garcia and 
Boseck ( |S), J7] and Q), leads to the computation of (classical) Weierstrass points. One 
can now follow their ideas for the case m > 1. 

3.2. Galois module structure of Jlir(m). In this subsection we will determine the Ga- 
lois module structure of the space f2p(m), of ?n-(poly)differentials using Proposition [TT] 
Following closely the ideas of Calderon, Salvador and Madan ( ifTTll . Theorem 1), who 
considered the case m = 1, we will generalize their result for m > 1. 

Let O , ... , p »-i G K and for j = 1, . . . ,p n , let Wj = (0 O , . . . , Oj-i)K- Let also G 
acting on these 0^'s with the action described as follows: 



1=0 



<Ta{6i) = J2( I ) fOT " 1 ~ k - 



In the near future, we will interpret these 0^ 's as sums of specific m-holomorphic (poly)differentials 
(the anxious reader should jump to Eq. d36t ). 
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Theorem 21. Let F/K(x) as above. The K[G] module Wj, for j = l,...,p n is inde- 
composable, and 

3=1 

where d p n equals to T p n._i(m) — 2m + 1 and is the number of times that the regular 
representation ofG occurs in Q, p (to), while the indecomposable representation Wj occurs 
dj = Tj-i (m) — Tj (to) tunes, for all j = 1, . . . ,p n — 1, and for all m > 1. 

Proof. Let wj^ be an arbitrary basis element of IV (to) and a a 6 G for an a e F g . Then 
(32) 

a a ( W £„) = + a) fc [ fffc (a:)]- 1 (d.T)®™ =H\) a k ~Y x» [g k {x)]- 1 (dxf 



\0rn 



For < i < fc, let /i ijfe (x) = lf j=1 (x - aj f^- v ^ m \ As < i < fc, we have that 
Vji(m) > Vjk(rn). Thus 

n(i,fc,m) 

(33) If[^ftaW= ^ 

with n(z, fc, to) = r,(m) — r/-(m) and = 1- From Equations d32l . d33l and (l28T > 

we obtain that 

= E ( J ) a fc -y^MrX fe (:r)(^)® m 
i=0 ^ ' 
fc n(i,k,m) , . 

= E E (J ) a fe " i J/ i ^ +e [5i(^)] _1 ^'' s ' m) (^)® m - 

i=0 e=0 ^ ' 

Since < e < Tj(m) — T^m), we have that < v + e < Ti(m) — 2m. This means 
that y l x v+e [gi(x)]~ 1 (dx)® m is a basis element, namely ufi°' v , e . Thus, we have that the G 
action on the basis of f2^(m), is given by 



fc n(i,k,m) . 

~ I, ,Ta \ \ ^ \ s I \ „,k— il.U.k.m), ,m 



i=0 e=0 



fc / \ [ n(i,fe,m) 

(34) = E ( * ) E # fe,m) <H 

j=0 ^ ' [ e=0 

Observe that the coefficient of Lu k n u in the right side of Eq. ( f34b is 1. 
Let M™„, be the K [G] -module, generated by 

{w,™ +e |0 < i < fc, < e < n(i,k,m)}. 

The following cases play an important role in the decomposition of M™ v , which will 
follow: 

• The condition i = fc, implies e = and the differentials of M™„ which satisfy 
that condition, are of the form {w™^}, while 

• The conditions e = and i ^ fc are satisfied by the differentials of MJJ 1 ^, of the 
form {w™ | < i $ fc}. 

With these in mind, we have that 

(35) MF V = NT V 8 UF V , 
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as K [G] -modules, where NJJ 1 ^ and U™ v are generated respectively, by the sets 
+e |0 < i ■$ k, ■$ e < n(i, k, m)} and {0 O , . ■ . , k }, 

where 



n(i,k,m) ( ,{i,k,m) m . ■sr-*.n,(i 7 k,m) i(i,fc,m) ra 
7i/^\ \ ^ tfi,fc,m), ,m 
(36) = 2^ °e H,*+e 

e=0 l^fe.V' 



°0 + Z^e=l ° e W i,y+e' iri^^i 

if i = k. 



Notice that the decomposition in Eq. (l35l l is a decomposition of X-vector spaces since we 
can select our model so that 6o ^ 0, see Remarkl22l 
The K[G] action on N™ v 's is given by 

i n(S,i,77i) 



nTi / 77i \ 1*1 i—Sr[S,i,m) 771 

(37) ^aK )i/+e ) = 2^ 2^ I j ) a h e Us,v+e+e- 

8=0 8=0 ^ ' 

Observing that 

^ e + 8 < n{i, k, to) + n{8, i, m) 

= r. t (m) - r fe (m) + ra(rn) - Ti(m) 
= n(S, fc, m), 

we see that the action is well defined, i.e. u!g' lJ+e+g £ N™ v . In a similar way, using Eq. 
(1341 for the #i's (compare also to IfTTl p. 153, Eq. (7)]), we see that the K[G] action on 
U™ v is given by 

(38) a^Oi) = ( ) ) for < z < fc. 

Thus the spaces N™ v and are indeed K[G] modules and Eq. ([35), is actually a 
module decomposition of M k Tl v . 

Remark 22. In Eq. ( 1561 ), w/zere we define the thetas, we can assume that bf* k - m) + 0, 
in order to have the desired terms w™,. Indeed fr^'* 5 '™) is just the constant term of the 
polynomial hi_ k {x) — YYj=i( x ~ a J ) I/ji< -™ l ' _I/jfc( - m ^ which is zero when any of its roots cij 
equals to zero. Thus we may assume, after a birational transformation ( i.e. an appropriate 
translation ), that aj =/= in Eq. ( 1251 ), for all 1 < j < r. 

We now present a counting argument: 
Let < ko < p n — 1 be maximal such that Tk„ (m) — 2m > and set < Tk (to) — 2m 
u 1 . Observe that with the above hypothesis fco = p n — 1. If we were in the case to = 1 an 
admissible value for ko would be p n — 2. 
Recall that f2 l (to) is generated by 

{w™„|0 < k < fc , < v < T k {m) - 2m}. 

Claim: 

(39) Mm)=JVS,,*©D2k, 
as if [G] modules, with Nk , Vo generated by 

(40) {w£„|0 < fc < fc , < vo $ v < T k (m) - 2to} 
and for every < j < ^0, each ^ is generated by 

{ef o ' J ' ,m) |0<i<fc }, 
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(41) 



where 6^° J,m - I 's are given by Eq. d36t . 
Proof of the Claim: 

Note that dim K UJ£ tj = k + 1, for all < j < iv . 
Remember, that 6^ k ° ^ ,m ' equals to 

n(i,ko ,m) 
e=0 

w% d , if i = k a , 

We need the followings Propositions in order to prove the claim: 
Proposition 23. U[ n o J n N% )Vo = {0}, for all < j < u Q . 

Proof. According to Eq. fiTt. every 9 - J , would contain as a summand an^ fe °' m) w ™, 
with < j < vq, but from the definition of Nj£ v , Eq. d40l l. these elements are not in 

Nu 1 ,, . These elements bi l ' k "' m ' ' w m cannot be canceled out by linear combinations of 

elements in U[ n ,-. Therefore no linear combination of ca n be in A^" 1 „ . □ 

kQ,J i kQ,i>o 

Proposition 24. n J/^, = {0}, for every j ^ j', w/f/i < j < j' < u . 

Proof. Fix a j and let j' ^ j. We may also assume that j j' . We consider a linear 
combination of elements QY* ^ ' m ' in C/, m .,. 

Under the assumption j j', Eq. (HTT i tells us that b^ ,ko,m ^ uj^, a summand of a 
linear combination of flj* ' 3 ''" 1 ^ j s not a summand of a linear combination of the elements 

y i . Le ¥ \ 6 i )o<i<k - U 

Finally, observe that the Mfc 0)I/0 is a ^(to) submodule of co-dimension (ko + l)vo 
and, from Eq. ( l35b , the same is true for iV™ ^ © U™ v . The claim is then proved using 

Propositions 1231 and l24l if we notice that dim^ ©Jig 1 UJ£ j = ^0(^0 + 1). 

Observe also, using the Eq. d38b . that for every j the U™ Q j 's that appear in Eq. d39l l, are 
K[G] isomorphic. For example, using again Eq. d36l i, we can construct an isomorphism 
/ ■ ^k" Q o — * ^ka i as follows; / maps u)i M i-> Wj iJy _(_i, with < v < v o and < i < ko. 
So we can drop the j subscript on the notation of U]£ j and think of the (B Jlo UJ£ j as 
vq + 1 copies of {7™. Then, rewriting Eq. (f39l > we have that 

(42) fiL(m) = ^era r *»- am+1 . 

That finishes the zeroth step of the proof of the Theorem. Then we proceed to the first 
step. We take N™ u , in place of f2p(m): Let < ki % ko = p n — 1 be maximal such 
that Tk 1 (to) — 2m > and set < (to) — 2m = v\. Then, repeating the claim in the 
previous step we, can see that 

(«) Kn®VZj> 

where N™ v is generated by 

{w^JO < k < k u < vo % vi $ v < r fc (m) - 2m} 
and for every < j < v\ , each U]™ j is generated by 

{0f 1J>O |O<i<fci}. 

with 0>* 1,,7 '' m '"s are given always by Eq. d36b . Note that for < j < v\, dim/f UJI^ ■ = 
k\ + 1 and all the UJ£ j's that appearing in Eq. ( |43T > are if[G] isomorphic. There are 
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exactly V\ — uq such modules, with f> v\ — vq = r^m) — Tk ( m )- We can rewrite 
Eq. (l43l . dropping the j subscript, and thinking ©Jl j as ^fei ( m ) — -^ fc o ( m ) c °pi es 
ofU kl : 

(44) iV fc ™ it/0 = iv,™ Vl e ra r *> (m) - rfc » (m) . 

Now we apply the above argument recursively to iV™ v , for < ( < p n — 1 , continuing 
the above decomposition and replacing always the Nj£ with the A^ l _ l 

From Eq. (02}, d44b and the repeated procedure, we are now able to express fl F (m) as 
a direct sum of UJ^ v 's. Collecting these K[G] modules of the same dimension we have 

with Afc = r p n_i(m) — 2m + 1 and Afc> = rfc c (m) — Tk l -_ 1 (m), for all the steps: 
1 < C < P™ — 1- From Eq. d38l all J7jP with the same dimension, say j, are A'[G]- 
isomorphic, thus are isomorphic with UJ"ii- We re-index in order to be consistent with the 
dimension, letting j — 1 = (observe that with this setting fcj + 1 = fc^-i), we obtain 



F (m) ~ 



lAw 



U 



or 



(45) Q F (m) ~ ©£ =1 T 3 -. 

The module T p >. is a direct sum of T p n _i(m) — 2m + 1 modules of dimension p n and 7} 
is a direct sum of Fj-i (m) — (m) modules of dimension j, with 1 < j < p n — 1. 

We will now prove that the modules Uj1 1 are indeed indecomposable. 
Let flp(ra) ~ ®] =1 Mi, be a decomposition in indecomposable A'[G]-modules of the 
space of holomorphic ?7i-(poly)differentials. Then 

P n -i 

(46) ri> ^ ( r j-i( m ) -TjN) +r p n_i(m) -2m+l =r (m) -2m+l. 

Since G is ap-group, we know that r, the one-dimensional trivial representation, is the only 
irreducible representation of G (see f24l p. 187, Proposition 1.1]). Then, if Mp denote the 
K [G] -sub module of fixed points of Mj, Mp would contain t as a subrepresentation, so 
dim*: Mf > 1 . Thus 

(47) 77 < dimA-fi^(m). 

It is well known (see for example J6) p. 271, V.2.2], or |fl9l p. 83, Theorem III. 4. 6]), that 
differentials of K{x) can be lifted to G-invariant differentials of F via the Cotrace map. 
So n$(m) = {n(dx)® m \k G K{x) with div F (n(dx)® m ) > 0} and we have 

div F {Cotr F/Kix) ( K (dx)® m )) := div F ( K (dx)® m ) 

(48) = Con F/K(x) (div K (K(dx)® m )) + mDifi{F / K (x)) . 

Evaluating Eq. d48l . for the places Pj G Pf we have for all 1 < i < r and for all 

n{dx)® m G fif (m),that 

u P! (div F ( K (da;) 0m )) = p"u Pj («;) + m(*(i) + l)(p n - 1) > 0, 

so 

. . m($(i) + l)(p n - 1) . ^ _ 
u p .(«0 > ^—^ — , or using Eq. (|27) 

(49) v Pi( K ) > — i/io(m),for all 1 < i < r. 

For Q G Pjf(a;), with Q ^ Pi,Poo> taking K(dx)' 8m G tt F (m) and using Eq. g8]l and d24l . 
we have that 



(50) 



«q(k) > 0, 
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while for the infinite place of K(x), the same hypothesis and Equations yield 
(51) v Px (K)>2m. 

Gathering Eq. d49b . d50b and dBTl ). we can write il G (m) in an alternative form, namely 

fi£(m) = | r \c(x) G K[x],degc(x) < ^>io(m) - 2m 1 . 

[ lu=i\ x a i) % i=1 ) 

Therefore dim^- flp(m) — To(m) — 2m + 1. Using this fact, together with Eq. d46b and 
(l47l i we have that = ro(m) — 2m + 1. This shows that the K[G] -modules appearing 
to each Tj in the decomposition of flp (m) at Eq. d45T) . are all indecomposable for every 
1 < j < P n - 

The theorem follows by letting Wj = U™_ 1 and dj = Aj_i. □ 



Remark 25. Another way to see the indecomposability of the Wj 's, for j ^= 0, is to notice 
that ifWj, were decomposable, say Wj = M\ ®M%, then each Mi would contain a copy of 
/q v , mid Wj would contain Uq 1 ^ (£) ^o^y Ui5 u ^ iAufc y c ^ c,ttLitiu,t - ^tnt^c vk j 



U™ v , and Wj would contain U™^ © U™ u as a subrepresentation. But since dim K Wf < 1, 
(dimx Wf < dimx K[G] G = 1), that is a contradiction. 



4. A CONJECTURE CONCERNING ABELIAN GROUPS OF ORDER p™. 

We strongly believe that for an arbitrary Galois p-extension, Fj E, with abelian Galois 
group, one can calculate explicitly the AT[G]-module structure of the space of holomorphic 
m-(poly)differentials: 

Conjecture 26. Let G, be a p-group of automorphisms of F. Set E = F G and let gE be 

the genus of E and gp > 2, the genus of F. Let mbe a natural number with m > 1, 8i the 
different exponent of the extension and the ramification indices of the ramified primes 
of E in F. The regular representation of G occurs r p n_ 1 (m) + (gp — l)(2m — 1) tunes 
in the representation of G on Qp(m). For k = 1, . . . , [F : E] — 1, the indecomposable 
representation of degree k occurs Tk~-i(m) — Tk(m) tunes. Where Tk(m) = ^fc(m), 
are the Boseck invariants, with i running over the ramified primes of E in F and the 
quantities Vik(m) 1 are defined to be 

m5i + {evaluation of the kth E- basis element ofF by a normalized valuation ofF } 

where the basis element is evaluated by a ( normalized) valuation determined by a place of 
F above a ramified place of E and [-J denotes the integer part. 

For the case m = 1 the above Conjecture has been proved in some cases, since has the 
form: 

Conjecture 27. 



(i) Wild ramification: If G is a p-group, m = 1 and there is a place in Vp that is 
totally ramified in F, with F = E G , then the regular representation of G occurs 
dp n '■= gE tunes in the representation of G on 0^(1). For k = 1, . . . ,p n — 1, the 
indecomposable representation of degree k occurs dk '■= rfc_i(l) — 1^(1) + /3 
times, where f3 equals to —1, if ' k = p n — 1 and equals to zero otherwise. The 
Boseck invariants are defined as before, by letting m = 1. 

(ii) Tame ramification: If m = 1 and F/E is ramified of degree n, with g.c.d.(n,p) 

I , then for k = 0, . . . , n — 1, we have n distinct irreducible representations of 
degree 1. The kth representation occurs d n ^k '■= r„_fc(l) — 1 + gE + /3 tunes 
in the representation of G in flp(l), where j3 equals to 1, if k = and zero 
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otherwise. TheTk(l) = X^j^ifc(l); ore the Boseck invariants, with i running over 
the ramified primes of E in F and the quantities Vik{m), are defined to be 

{evaluation of the kth E- basis element ofF by a normalized valuation ofF } \ 



where ej is the corresponding ramification index and {■) denote the fractional part 

Of: 

The first case is proved when G is cyclic or an elementary abelian of order p". The sec- 
ond case is Hurwitz's Theorem (see TheoremfTBll. Note that in all cases, Boseck invariants 
Tk(m), defined to be the quantities that come out from Boseck's bases. 

Let c € denote the Cartier operator (see for example lfT4l p. 349]), then from the theory 
of i-linear maps, it is well known that Of (1) decomposes as 

fi F (l) = fi?r(l)0fi£(l)- 

where Qfp(l) denotes the semisimple part of f2p(l), that is the K vector space spanned 
by the set {lj G ffuj = lu}, and 0^(1) denotes the nilpotent part, the K vector 

space spanned by {uj G (1) | ^"w = 0, for some i > 1}. Now if the Conjecture [27] 
(i) is proved then, coupled with the main result of (14|, will give explicitly the structure of 
the nilpotent part of Q.p(l), a problem that is open, as far as we know. Notice finally that 
we can calculate the nilpotent part of Oi?(l) in both the elementary abelian and the cyclic 
case, i.e. for the cases that this Conjecture has already been proved, combining the results 
of (23), El andE). 

The reason we believe that this conjecture is true is that we are able to prove it for 
the two extreme cases of abelian groups of order p n , namely elementary abelian groups 
1/pL x • • • x TLjpTL and cyclic groups 7Ljp n 7L. Since G is abelian we can decompose 
it to a direct sum of cyclic p-groups. Thus a function field having G as its Galois group 
can result as the compositum of (some) cyclic function fields found in subsection l2.1l with 
elementary abelian function fields from section [3] A difficult that now arises for such 
extensions is that we do not know how Boseck invariants, and hence bases (even in the 
rn = 1 case) behave under such compositums. 

5. An application to local deformation functors 

Let G be a p-group. It was observed in IfTTII that the tangent space of the global de- 
formation functor H 1 (G, S?x) can be computed in terms of covariants of 2-holomorphic 
differentials by 

(52) H r {G,& x )=£lf®K[G]K. 

In this section we will use the results we obtained so far in order to express the dimension 
of the above spaces in terms of the Boseck invariants. We will use the global deformation 
functor approach in order to study the tangent space H 1 {G, ^K[[t\]) of the local deforma- 
tion functor in the sense of J.Bertin and A. Mezard (TJ. This can be done by considering 
Katz-Gabber covers flOl of the projective line, i.e. Galois cover ir : X — > P 1 with only 
one full ramification point and Galois group G. For first order infinitesimal deformations 
of the curve X with the automorphism group G, there is a splitting of the tangent space 

(53) H\G,#x) = H\X/G,i^{^ x )) ® H\G, & K[m ). 

For the dimension of the space H 1 (X/G, ir*($x)) we h ave an explicit formula, namely 

(54) dim* H'iX/G, ^(,J X )) = 3g x/G - 3 + 

where S is the local contribution to the different at the unique ramification point lfT3l Eq. 
(38)]. 



S_ 
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Case 1. The group G is cyclic. In this case each of the indecomposable components of 
Theorem[6]has an one dimensional covariant subspace thus 



(55) 



dim K nf ® K[G] K 



2> 

Hgx/c - 1) 



r (2) 



2£ 



Using Eq. (I53l).(l54li. d55l l we arrive at 



l) 
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which coincides with the computation of Q] Prop. 4.1.1]. 

Case 2. The group G is elementary abelian. In this case we will use Theorem |2"T1 in 
order to arrive to 



(56) dim K H^G^k, 



p 

.7=1 



Proposition 28. For the dimension Wj < 

1 
2 
1 



diiriif W- 



>>K[G} 



K 



&hn. K (W j ® K[G] K) + ?,- 

<k[G] K we compute 
ifl<3<P 

ifp + 1 < j < p n and j ^ Omodp 
if j = Omodp 



Proof. We identify an elementary abelian group of order p n with the additive group of 



the field 



The field F p n is an F p vector space with basis 1, e, e 



,,e" 



for some 



element e. Every element a e F p « gives rise to an automorphism a a . We will denote by 
Wj = Wj ®k[G] K. The modules Wj are given by Wj / (a a (w) — w), where a runs over 
F p n and w runs over Wj. 

The module W\ = (9q) and is already G-invariant. Observe that W2 = (Oo, 6\) and the 
action is given by er a (#o) = ^o, a a {0\) = Q\ + cl9q. Therefore we have only one relation 
in the module of covariants W2 namely a a (0i) — 61 = ado which implies that the image 
do in W2 is zero. 

The module W3 is generated by 9o, @i, ^2 and the relation do = is inherited in W3. 
We also have the relation a a (02) = 62 + oB\ + a 2 6o, which implies that B\ = in W3. 

We proceed by induction. For the inductive step we assume that for j + 1 < p we have 
the relation 9q, . . . , Oj-% = in Wj. Then cr a (6j) = Oj + aQj-i + L where L is an F p >i 
linear combination of B v with v < j — 2 that have zero image in the module of covariants. 
Thus 6j-i = in W J+1 and W j+1 = (6j). 

For the module W p +i the situation changes: We have a a (9 p ) = 9 p + a p 9o, which does 
not give any new relation. Therefore W p +i is two dimensional generated by 8 p —\, p . 

We proceed by induction. For the modules W p + v +i, 1 < v < p — 1 the inductive 
hypothesis is that Wp+„+i = (0 p -i, P + V )- We compute that for 1 < v < p — 1 



(57) 



E 



p + v 

p-l 



Notice that according to J3] prop. 15.21] ( p ^) = unless v 
v < p — 2 and after some computations, we arrive at 

va6 r , 



1. Therefore for 



y p+iy+l ) — Up+v+i 



7 p+vi 



and this implies that 6 p+u = in W p+u+ 2, thus W p+u+ 2 



Since W^p-i = (^-1,^-2), we can now compute from Eq. (l57b for v = p — 1, 

c(6>2 P -i) = 2p -i — a6*2 P -2 + a p 6 p -i. 
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Therefore in Wi v we have the relations aB-2 P -2 = a p P -i for a € ¥ p n. Taking a = 1 we 
obtain (>2p-2 = §p-i and then by taking a = e we have #2 P -2 = e p ~ 1 92p-2, therefore 
P -i = h P -2 = 0. Thus I^ 2p - <fla P -i>. 

We now continue to W2 P +i by computing that 

a a (02 P ) = e 2p + 2aP0 p + aP 2 6 o , 

thus W2 P +i = (#2p-i, ^2p) is of dimension 2. 

If n > 2 we proceed the same way: The modules W2 P + V > 1 < f < P — 1 are 
2-dimensional and is one dimensional. A final inductive argument shows that the 
W\ p +u, for A < p n_1 have the desired dimensions. 

□ 

We now can give a closed formula for the sum given in eq. 06] ). By the construction 
of the Katz-Gabber cover there is only one ramified point and we are interested for 2- 
holomorphic differentials (m = 2) so we set 

2(p" -!)($ + !)+ j$ 
We compute: 

p™ 

dj ■ djm K (Wj ® K {G] K) = 

3 = 1 

p-1 p™ 

= ■ dim K (Wj ® K [G] K ) + ^2 d j ■ dim K {W 3 ® K [g\ k ) = 

3=1 3=P 

p n -l 

= r - r p _x + 2(r p _! - 3) - ( r --i - r -) = 

Pi" 

p n -l 

(58) =r + r p _!-6- (r„_i-r„). 

v = Q 
p\v 

This formula should give the same results with the formula given in fl3l . Giving a direct 
proof that the two formulas coincide is a complicated task to do. However using the Magma 
algebra system we checked that Eq. ( 1581 coincides with the formula given in ff3l . for all 
choices of G,p that we tried. The magma [4| program used to compute them is available 
at http : / / myria . math .aegean.gr/ "kontogar /sk/. 

Remark: If the conjectures given in section [4] are proved then we have a method to 
compute the tangent space for the deformation space of curves with automorphism in the 
case of abelian groups. 

Acknowledgment. The author would like to thank A. Kontogeorgis for all his valuable 
comments while reading earlier versions of this paper, for the enlightening conversations 
we had, and for being a wonderful companion during this first journey to mathematical 
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